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1 Introduction

Fractional differential equations are gaining considerable importance recently due to their wide range of
applications in the fields of Physics, Engineering [3, 19], Chemistry, and/or Biochemistry [4], Control [5,6,7,
8], Medicine [9] and Biology [1]. Several techniques such as Adomian decomposition method (ADM) [11],
Adams-Bashforth- Moulton method [14, 15], Fractional difference method [10], and Variational iteration
method [12, 13] have been developed for solving non linear functional equations in general and solving
fractional differential equations in particular.

In view of successful application of spline functions of polynomial form in system analysis [22],
fractional differential equations ([24], [25]), and delay differential equations of fractional order [23], we hold
that it should be applicable to solve fractional differential equations with the idea of the lacunary
interpolation. For more details on lacunary interpolation we may refer to ([16]-[18]).

In this paper we shall apply fractional spline to find the approximate analytical solution of the fractional
differential equation. Error bound and existence and uniqueness for the method will be performed.
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2 Preliminaries

In this section, some definitions and Taylor’s Theorem, used in our work, will be presented. There are
many definitions for fractional derivatives, the most commonly used ones are the Riemann-Liouville and the
Caputo derivatives, especially the Caputo derivative are involved in our work. Suppose thata > 0,x >
a, a,x € R, then

Definition 1/21] The Riemann-Liouville fractional integral of order a > 0 is defined by

1 X
wa)=ﬁaf<x—a*fﬂa&, n-1<a<neN,

wherer is the gamma function.

Definition 2/21] The Riemann-Liouville fractional derivative of order a > 0 is defined by

D% f(x) = f(x—f)”“lf(f)df n—1<a<neN.

F(n a)dx™

Definition 3/2] The Caputo fractional derivative of order a > 0 is defined by

D“f(x)— f(x— )”“1dfnf(f)df n—1<a<ne€eN.

Definition 4/20] Leta € R*, Q0 € R an interval such thata € Q, a < x, x € Q. Then the following set of
functions are defined:

I, ={f €C(Q): I*f(x) exists and is finite in Q},
D, ={f €C(Q): D&f(x) exists and is finite in Q }.
In view of these definitions we can conclude the following theorem:

Theorem 1 [20] Let a € (0,1], p € N and f(x) a continuous function in [a,b] satisfying the following
conditions:

(1) D" f € C([a,b))and D™*f € ,I,([a,b]), VM =12,...,p.
2) D,Spﬂ)af(x)is continuous on |a, b].

Then for each x € [a, b],

fGO = oo DI f(@) 52+ Ry (3, @),

with

(X _ a)(p+1)a

Mp+Da+1)’

R,(x,a) = DP*VUf(£) <&<nx

Remark 1For simplicity we will use the operator D instead ofD.from now on.
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3 Description of the Method

Given the mesh points,A: 0 = x5 < xq < -* < x, = 1with x3,1 — %, =h, k=0,1,...,n—1, and real

1 1,4
numbers {fk, Dzfy, (DE) fk} associated with the knots. We are going to construct
k=0

1 1
spline interpolant S for which D™2S,(x;) = D™2f;, i =0,1,..,n, and m=0,1,4. This construction is
given in the following two cases:

Case 1

In this case, we suppose that the conditions of Theorem 1 are satisfied with p = 4, and a = 0.5.Then we
can define the spline interpolant as follows:

1 3
1 2(x —xx)2 4(x — xx)2 1\t (= x)?
S = 500 = i+ Dy BT o 4 B IR (i), G
A k(%) = Vi Yk N k( k) k 3T Yk 2
(1)

wherex, < x < xpy,andk =0,1,...,n—1.

4 Existence and Uniqueness

1
If we require that Sp (x) and D25, (x) is continuous on [0,1], then it is easy to prove that formula (1) exists

1
and is unique. That is, clear from the continuity conditions of S5 (x) and D25, (x) from which we get:

3
2 11 anz | n? (LY
Vi1 = Vi + ﬁhZDZYk + hay + bkﬁ + 7(D2) Vi (2)
and
1 1 2 1 anz ;1\t
Dzyiy1 = D2y + =h2ay + hby +m(DZ) Vi 3)
Let
2 hl 1 h2 / 1\%
A, = — y, ——hZD2 ——<DE) ,
k= Vi+1 — Yk Jr Yk 2 Vi
and let
1 1 4 h3 1\ 4
B, = D2 — D2y, ———h2 (Di) .
k Vi+1 Vi 3Vn Vi
Then the equations of (2) and (3), respectively, become
4 3
Ak = hak + ﬁhzbk, (4)
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2

1
=h2ay + hby. (5)

Bk:

Solving these two equations for a p and b . We obtain

\/E(3x/ﬁAk—4Bkh%)

A = h(3m-8) ’ (6)
3ﬁ<\/ﬁBk—2Akh_Tl)

h(3m-8)

by = (7

5 Error Bounds

1 1
Suppose that the conditions of Theorem 1 are satisfied with p = 4and D™2S,(x;) = D™2f;, i=
0,1, ...,n — 1. We shall prove the following:

Theorem 2 LetS) (x) be the fractional spline interpolant of the polynomial form (1) solving the lacunary
case (0,a,4a) . Then for all x € [0,1] the inequality

|(D)™Sa(x) = DN)"y(0)| < cmgh® ™ w(h),

14
holds for allm = 0,1,...,4 and a = 0.5. Where w(h) is the modulus of continuity o DE) y(x), and

9 + 48Vm + 4 14/m 27\/m + 68 7T 2
Cg=——77—"—7"—, (1= , €= , (3=———+—, =1
o — 24 5 3m—8 187 — 48 5 3m—8 &
To proof this theorem we shall need the following lemma.
Lemma 1 The following estimates are valid for all k = 0(1)n — 1.
1,2 om+32
A = (DZ) Yk|'S Ten—as ha(h), ()
143 N
b= (D2) yi| < 2 hzw(h), 9

fork=01,...,n—1

Proof. From (6) we can find
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1.2 101 1. 2 1,4 1 1
1 NG 2 1 1 1 h? 1 1 1
ak_(Dz) Y| = h(3nn_8) [3\/E<}’k+1—Yk—\/_ﬁh2D2)’k—h(DZ) yk_7(D2) }’k>—4h2 <D2}’k+1—
1 2 11 4 37 1\
D2y, ——=h2Dzy, — 7 =hz (Dz) yk)] 10)
Taking:
2h11 4h3 1,3 N 1y 2 h2 /, 1\%
= Y+ —=h2D2y, +—=1h2(D2) y+h(D2) v+ (02) ¥,
Vi+1 = Yk N Yk 3R Yk Yk 2 y(&)
and

1 1 2 h1 1y 2 N 1,3 4 h3 1\ 4 )
D2 = D2y, + — E(Di) + (Df) + — E(Df) ,
Vi+1 Yk N Yk Yk 3 YNk

where X, < &, M < Xk4+1. Then (10) becomes

1 2
ax — (DE) Vi

4 2 4

=i [ (7 (1) 60 -5 (%) )
O + 32

h1< 4 h3 1,4 4 h3 1\ 4 hoo(h)
_ahz(—— E(Di) _ E(Di) ) < T2 L o).
3V YOl ~ 3= Yk || = 187 — 48

This time from (7) we can find

1 3
by — (DE) Vi

3Wn 1 1 1,3 4 3/ Lyt
= |— 2 — D2 — 2 —_——n2 2
|h(3n—8)[ﬁ<D Viers = D2y — h (D2) "l (02) yk>

=t 2 1.1 4 3/ 13 h% 1\
—2h2 }’k+1—}’k—\/—Eh2D2yk—ﬁh2 (DZ) yk—7<D2) Vi

2

3Wr 4 3/ L\* 4 3/ Lt -1 /h?/ 14 h% / 1\*
- ﬁ<3 =12 (02) y(@0) ~gy=h (02) yk)—th <7(Dz) v - (0?) yk)
7Vm 1
< 3n—8h2w(h)'
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Thus we have proved the lemma.m

Proof of Theorem 2. In view of the above lemma we can see that, for x;, < x < xp,q and k =0,1,..,n —
1,

2h11 L 4h3 13b h2 / 1\% 2h11
Su(x) = y(O)| = |y + —=h2D2y; + hay + —— E(Df) +—(D7) — Y — —h2D?
Sk () — y ()| Ykﬁ Vi - Kkt Yk YR\/E Yk
(o e () -2 o)
( Yk N kT ()
h o) * h3 b 3 i h
<hla —(DE) k2 —(DE) b
k Vi N k Yk 2 w(h)
9m+48VIT+4 , 5
_mh w(h).(ll)
Similarly, we can obtain
D2S(x) = Dy ()| < 2% bz w(h),(12)
E 2 E 2 27m+68
<(D55k(x)> —<D5y(x)> < PPv—p h w(h),(13)
L ’ 1 ’ 7Vn+68 | 2\,
<(D25k(x)> —<D2y(x)> S(H-I_ﬁ) hz w(h),(14)
and finally,
1 4 1 4
<(055k(x)> —<D§y(x)> < w(h)(15)
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This completes the proof. [

Case 2
In this case, we suppose that the conditions of Theorem are fulfilled with p = 5, and a = 0.5 then we can
define the spline interpolant as follows:

1 2 - 1,4 Y o
Sp = Si(x) = yi + Dzyy Z(x\/;k)z +ag(x — xi) + by % + (DE) e & ;k) + Cr 8(9165:;;)2, (16)
wherex, < x < xpy,andk =0,1,...,n—1.
Let

T 1 1\4 1\ 4
Ck = gh_i [(DE) Vi+1 — (DE) J’k]-
It can be easily shown that
1 5

ac— (02) we < w(h)|, )

1.5
wherew (h) is the modulus of continuity of(DE) y(x).

1

Now, if Sp(x) € €[0,1] and Sg (x) € C[0,1] then the existence and uniqueness of Sy (x) is easy to be proved,

since here a k and b & are uniquely determined by

\/E<3\/EAk—4Bkh%)

A = h(3m—8) ’ (18)
3\/E<\/EBk—2Akh_Tl)
b = h(3m—8) ’ (19)
where
5
2 hl 1 h? / 1\* 8h2
Ak = Virs — Vi — —=h2D2 ——(Di) -2
k= YVk+1 ~ Yk N Yk 2 Yk 15V k
1 1 4 h3 1\ 4 h?
B, = D2 — D2y, — —— E(DE) ——C
Kk Vi+1 Yk N Yk 2 Ck

Then we conclude the following lemma:
Lemma 2 The following estimates can be obtained for k = 0,1,...,n — 1,
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1y 2 3

a = (02) i < s hew(h), 20)
133 5

b = (D7) Wi < e ho(h), (21)

fork =0,1,...,n— 1.

Proof. From (18) we have

ax — (D%)Z Vi

N s 11 142 n2 o 1yt 8hs
h(gnn_g) [3\5 <Yk+1 — Vi — ﬁhZDZJ’k —h (DZ) Vi — 7(D2) Yk) T syl T

if 1 1 2 11 4 30 L\ h?
4h2| D2yyyy — D2y — Zh2Dzy — ;= he (DZ) Yie =5 Ck |[[(22)

Taking:

5 5
3 2 hZ 4

2 hl 1 4 h3 1 L 1 1 8hz 1
= Yy + —h2D2y, + —— ?(Di) + (D?) +—(Dz) ——(Df) ,
Ye+1 = Vi N Yk N Yk Vet Yk N y(&x)

and

1 2

1 2 hl 1 3
D2 = D2y, + — E(DE)
Vi+1 Yk Jr

4 2 5

1 4 3,1 1
J’k‘l'h(DZ) Yk +ﬁh2 (DZ) YR_7(D2) y ().

where xj, < &, i < Xp4+1. Then (22) becomes

5 5 5

5
N 8hZ / 1 8hZ , 1
" h(3m—8) 3Wr 15\/E(D2) y(f")_15\/ﬁ<m) C"

5

1(n?, 1 h2, 1\°
— 42 (=(7) vy -5 (p2) e
2 2
5 5

S%Eh%((p%) (60— (02) ck)-m%(@%)symk)-(D%)Sck)
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8
s h(sﬁ 8) [ghgw(h) + Zhgw(h)]; [using (17)]
18Vm 3
= miﬂw(h).

Similarly for by, after using (17) and (19), we obtain

3 157 + 32
<——8hw(h).

13
_(pz
D (D ) Ye| =16 37 =

Thus we have proved the lemma.

And then we can conclude the following theorem:

Theorem 3 LetS) (x) be the fractional spline interpolant of the polynomial form (1) solving the lacunary
case (0,a,4a) for which the conditions of theorem are satisfied with p = 5. Then for all x € [0,1] the

inequality

|(D)™Sp(x) = (D)"Y < cingh*> ™ w (h),

holds for allm = 0,1, ...,5and a = 0.5. Where w(h)is the modulus of continuity 0f(D1/2)5y(x), and

_75m+ 72T +160 8 __ 36 3151+32 1
=T 20Br-98) 15v7 2 5Bn—8) 16 3-8 ' 2
18Vm 3 15m+32 4 3 157 + 32 2
¢ P , p=— cs=1.

“UT5@Er_8) Tgvr 3-8 ' 3vi S 18 3n-8 ' 2Ty ©

Proof. The proof is similar to that of Theorem 2, for this reason we omit it.
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6 Numerical Results

In this section, the method is applied to two numerical examples. All calculations are implemented with
MATLAB 12b. The numerical scheme leads to linear fractional differential equations and can apply for
different step sizes 4. To show the efficiency of the method, it is comparisedwith the exact solution we report
absolute error and observed same convergence point with less iterations.

Example 1 Consider the linear fractional differential equation

4
r(4-a)

D?y(x) + 2D%(x) + y(x) = 2x + x37% + §x3, 0<a<l, (23)

subject to

y(0) =y'(0) = 0.

1t is easily verified that the exact solution of this problem is

y(x) = 5x%,

The maximal absolute errors obtained for a = 0.5 and for 0 < x < 1 in each case and these are shown in
Table 1 and Table 2, to illustrate the accuracy of the spline method of polynomial form. Note that
[e™*(x)| = [ID™*S(x) — D™y (x)|, fora = 0.5, m = 0,1,...,4for case I, and m = 0,1,...,5for case 2.

Table 1: Maximal absolute errors in case 1 for Example 1.

h 2
e )] || || B
0.1 5.4910 x 1072 1.1015x 1071 [2.7105x 1071 |6.2211 x 1071 2x1071
0.01 5.4910 x 107> 3.4832x107* [2.7105%x 1073 [1.9673 x 1072 2x 1072
0.001 | 5.4910x 1078 1.1015x 107 |2.7105x 107> [ 6.2211 x 107* 2x1073
Table 2: Maximal absolute errors in case 2 for Example 1.
h
le(x)| |ea(x)| |e2a(x)|
0.1 42117 x 1072 | 1.1394x 107! | 3.8320%x 107!
0.01 42117 x 1075 | 3.6031x 10™* | 3.8320x 1073
0.001 13318 x 1077 | 1.1394x 107 | 3.8320x 1075
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h e3a(x)| |e4a(x)| |e5a(x)|
0.1 1.5609 x 107! | 2.5464 x 107! | 7.1364 x 1071
0.01 49362 x 1073 | 2.5464 x 1072 | 2.2567 x 1071
0.001 1.5609 X 10™* | 2.5464 x 1073 | 7.1364 X 1072

Example 2 Consider the fractional differential equation

24
re-a)

3
rs—a)

D%(x) = x* — %x3 + x37@ 4+ 7% —ykx), 0<ac<l, (24)

with the initial condition y(0) = 0. The exact solution is

y(x) = x* - %x3.

Similarly the maximal absolute errors obtained, for case 1, case 2 and for a = 0.5, are shown in Table land
Table2, respectively, with|e™*(x)| = |D™*S(x) — D™ y(x)|, for « = 0.5, m = 0,1,...,4 for case 1, and
m=20,1,...,5 for case 2.

Table 3: Maximal absolute error in case 1 for Example 2.

b e | %) |7 B |

0.1 74.1286 x 1072 14.8702 x 1072 | 36.5918 x 1072 | 83.9857 x 1071 27 x 1071
0.01 74.1286 x 1075 47.0339 x 107* | 36.5918 x 1073 | 26.5586 x 1072 27 x 1072
0.001 74.1286 x 1078 14.8702 x 107® | 36.5918 x 10~> | 83.9857 x 10™* 27 x 1073

Table 4: Maximal absolute error in case 2 for Example 2.

h le()] |ea(x)| |e2a(x)|

0.1 14.1960 x 1072 12.1447 x 1071 40.8441 x 1071
0.01 44,8919 x 107> 38.4049 x 10™* 40.8441 x 1073
0.001 14.1960 x 10~7 12.1447 x 107° 40.8441 x 1075
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h e3a(x)| |e4a(x)| |e5a(x)|

0.1 16.6379 x 1071 27.1421x 1071 | 76.0656 x 107!
0.01 52.6138 x 1073 27.1421x 1072 | 24.0540 x 107!
0.001 16.6379 x 1074 27.1421x 1073 | 76.0656 x 1072

7 Conclusions

In this paper, we introduced a new kind of the fractional spline of polynomial form with the idea of

lacunary interpolation. This method is very powerful and efficient in finding numerical solutions in fractional

differential case as we have shown in the two examples. Maximal absolute errors are obtained for a = 0.5

and different values of h, these illustrate the accuracy of the proposed method.
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