
JZS (2015) 17-3 (Part-A) 

97 

 

  
Numerical Solution of Fractional Differential 
Equations by using Fractional Spline Functions 

 

Faraidun K. Hamasalh 
1
,   Pshtiwan O. Muhammad 

1 

 

1 Faculty of Science and Science Education, School of Science, Sulaimani Univ., Sulaimani, Iraq 

 

E-mail: faraidunsalh@gmail.com   , pshtiwansangawi@gmail.com  

 

 

 

 

Article info 

  

Abstract 

Original: 28 Jan. 2015 

Revised: 4 Mar. 2015 
Accepted: 10 Mar. 2015 

Published online:   

20 Sep. 2015              

 

 In this paper, we consider a new suitable lacunary fractional interpolation with the idea 

of the spline function of polynomial form, and the method applied to solve linear 

fractional differential equations. The results obtained are in good agreement with the 

exact analytical solutions and the numerical results presented by two examples, results 

also show that the technique introduced here is robust and easy to apply. 
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1  Introduction 

    Fractional differential equations are gaining considerable importance recently due to their wide range of 

applications in the fields of Physics, Engineering [3, 19], Chemistry, and/or Biochemistry [4], Control [5,6,7, 

8], Medicine [9] and Biology [1]. Several techniques such as Adomian decomposition method (ADM) [11], 

Adams-Bashforth- Moulton method [14, 15], Fractional difference method [10], and Variational iteration 

method [12, 13] have been developed for solving non linear functional equations in general and solving 

fractional differential equations in particular. 

In view of successful application of spline functions of polynomial form in system analysis [22], 

fractional differential equations ([24], [25]), and delay differential equations of fractional order [23], we hold 

that it should be applicable to solve fractional differential equations with the idea of the lacunary 

interpolation. For more details on lacunary interpolation we may refer to ([16]–[18]). 

In this paper we shall apply fractional spline to find the approximate analytical solution of the fractional 

differential equation. Error bound and existence and uniqueness for the method will be performed.  
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2  Preliminaries 

    In this section, some definitions and Taylor’s Theorem, used in our work, will be presented. There are 

many definitions for fractional derivatives, the most commonly used ones are the Riemann-Liouville and the 

Caputo derivatives, especially the Caputo derivative are involved in our work. Suppose that� > 0, � >�,    �, � ∈ ℝ, then  

Definition 1[21] The Riemann-Liouville fractional integral of order � > 0 is defined by  


� �
�� = 1Γ
�� � 
� − ������
� �
����,       � − 1 < � < � ∈ ℕ, 

whereΓ is the gamma function.  

Definition 2[21] The Riemann-Liouville fractional derivative of order � > 0 is defined by  

��  �
�� = 1Γ
� − �� ����� � 
� − ��������
� �
����,       � − 1 < � < � ∈ ℕ. 

  

Definition 3[2] The Caputo fractional derivative of order � > 0 is defined by  

�∗� �
�� = 1Γ
� − �� � 
� − ��������
�

�����  �
����,       � − 1 < � < � ∈ ℕ. 
 

Definition 4[20] Let� ∈ ℝ!, Ω ⊂ ℝ an interval such that� ∈ Ω, � ≤ �, � ∈ Ω. Then the following set of 

functions are defined:  

�
� = { � ∈ &
Ω�:  
��
�� (�)*+* ��� )* �)�)+( )�  Ω },  
��� = { � ∈ &
Ω�:  �∗��
�� (�)*+* ��� )* �)�)+( )�  Ω }.  

In view of these definitions we can conclude the following theorem:  

Theorem 1 [20] Let � ∈ 
0,1], . ∈ ℕ and �
�� a continuous function in [�, 0] satisfying the following 

conditions:  

(1) �∗1�� ∈ &
[�, 0]�and �∗1�� ∈ �
�
[�, 0]�, ∀ 3 = 1,2, . . . , ..  

(2) �∗
5!����
��is continuous on [�, 0]. 
Then for each � ∈ [�, 0],  
�
�� =  ∑ �∗1�5178 �
�� 
����9:;
1�!�� + =5
�, ��,   

with 

=5
�, �� = �∗
5!����
�� 
� − ��
5!���Γ>
. + 1�� + 1?  ,    � ≤ � ≤ �. 
Remark 1For simplicity we will use the operator � instead of�∗from now on.  
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3  Description of the Method 

    Given the mesh points,Δ: 0 = �8 < �� < ⋯ < �� = 1with �B!� − �B = ℎ, D = 0,1, … , � − 1, and real 

numbers F�B , �GH�B , I�GHJK �BLB78
�

 associated with the knots. We are going to construct  

spline interpolant MN for which �1⋅GHMN
�P� = �1⋅GH�P ,    ) = 0,1, … , �, and m=0,1,4. This construction is 

given in the following two cases:  

Case 1 

    In this case, we suppose that the conditions of Theorem 1 are satisfied with . = 4, and � = 0.5.Then we 

can define the spline interpolant as follows:  

MN = MB
�� = SB + ��TSB 2
� − �B��T√V + �B
� − �B� + 0B 4
� − �B�WT3√V +  Y��TZK SB 
� − �B�T2 , 
(1) 

where�B ≤ � ≤ �B!� and D = 0,1, . . . , � − 1. 

 

4  Existence and Uniqueness 

    If we require that MN
�� and �GHMN
�� is continuous on [0,1], then it is easy to prove that formula (1) exists 

and is unique. That is, clear from the continuity conditions of MN
�� and �GHMN
�� from which we get:  

SB!� = SB + T√[ ℎGH�GHSB + ℎ�B + 0B K\]HW√[ + \HT I�GHJK SB,                                                          (2) 

and 

�GHSB!� = �GHSB + T√[ ℎGH�B + ℎ0B + K\]HW√[ I�GHJK SB .                                                                     (3) 

Let  

^B = SB!� − SB − 2√V ℎ�T��TSB − ℎT2 Y��TZK SB , 
  

and let  

_B = ��TSB!� − ��TSB − 43√V ℎWT Y��TZK SB. 
 

Then the equations of (2) and (3), respectively, become  

^B = ℎ�B + KW√[ ℎ]H0B,                                                                                                         (4)                              
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_B = T√[ ℎGH�B + ℎ0B .                                                                                                           (5) 

    

Solving these two equations for a
k
 and b

k
 we obtain  

�B = √[`W√[ab�Kcb\GHd
\
W[�e� ,                                                                                                         (6) 

0B = W√[`√[cb�Tab\fGH d
\
W[�e� .          (7) 

  

5  Error Bounds 

    Suppose that the conditions of Theorem 1 are satisfied with . = 4and �1⋅GHMN
�P� = �1⋅GH�P,    ) =0,1, … , � − 1. We shall prove the following:  

Theorem 2 LetMB
�� be the fractional spline interpolant of the polynomial form (1) solving the lacunary 

case 
0, �, 4�� . Then for all � ∈ [0,1] the inequality  

|
���1MN
�� − 
���1S
��| ≤ h1�ℎT�1�i
ℎ�, 
holds for all 3 = 0,1, . . . ,4 and � = 0.5. Where i
ℎ� is the modulus of continuity ofI�GHJK S
��, and  

h8 = 9V + 48√V + 49V − 24 ,      h�T = 14√V3V − 8,    h� = 27√V + 6818V − 48 ,    hWT = 7√V3V − 8 + 2√V,    hT = 1. 
 

To proof this theorem we shall need the following lemma. 

Lemma 1 The following estimates are valid for all D = 0
1�� − 1.  

n�B − I�GHJT SBn ≤ o[!WT�e[�Ke ℎi
ℎ�,  (8) 

n0B − I�GHJW SBn ≤ p√[W[�e ℎGHi
ℎ�,                                                                                            (9) 

 

for D = 0,1, . . . , � − 1.  

 

Proof. From (6) we can find 
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n�B − I�GHJT SBn = n √[\
W[�e� q3√V `SB!� − SB − T√[ ℎGH�GHSB − ℎ I�GHJT SB − \HT I�GHJK SBd − 4ℎGH `�GHSB!� −
�GHSB − T√[ ℎGH�GHSB − KW√[ ℎ]H I�GHJK SBdrn.(10) 

 

Taking: 

SB!� = SB + 2√V ℎ�T��TSB + 43√V ℎWT Y��TZW SB + ℎ Y��TZT SB + ℎT2 Y��TZK S
�B�, 
and 

��TSB!� = ��TSB + 2√V ℎ�T Y��TZT SB + ℎ Y��TZW SB + 43√V ℎWT Y��TZK S
sB�, 
 

where  �B < �B , sB < �B!�. Then (10) becomes 

 

n�B − Y��TZT SBn  
= √Vℎ
3V − 8� n3√V `ℎT2 Y��TZK S
�B� − ℎT2 Y��TZK SBd
− 4ℎ�T ` 43√V ℎWT Y��TZK S
sB − 43√V ℎWT Y��TZK SBdn ≤ 9V + 3218V − 48 ℎi
ℎ�. 

 

 

This time from (7) we can find 

 

 

n0B − Y��TZW SBn
= n 3√Vℎ
3V − 8� q√V `��TSB!� − ��TSB − ℎ Y��TZW SB − 43√V ℎWT Y��TZK SBd
− 2ℎ��T `SB!� − SB − 2√V ℎ�T��TSB − 43√V ℎWT Y��TZW SB − ℎT2 Y��TZK SBdrn 

= 3√Vℎ
3V − 8� n√V ` 43√V ℎWT Y��TZK S
tB� − 43√V ℎWT Y��TZK SBd − 2ℎ��T `ℎT2 Y��TZK S
uB� − ℎT2 Y��TZK SBdn 
≤ 7√V3V − 8 ℎ�Ti
ℎ�. 
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Thus we have proved the lemma.∎ 

 

 

Proof of Theorem 2.  In view of the above lemma we can see that, for  �B ≤ � ≤ �B!� and D = 0,1, … , � −1,  

 

 

|MB
�� − S
��| = nSB + 2√V ℎ�T��TSB + ℎ�B + 43√V ℎWT Y��TZW 0B + ℎT2 Y��TZK SB − SB − 2√V ℎ�T��TSB
− ℎ Y��TZT SB − 43√V ℎWT Y��TZW 0B − ℎT2 Y��TZK S
sB�n 

≤ ℎ n�B − Y��TZT SBn + 43√V ℎWT n0B − Y��TZW SBn + ℎT2 i
ℎ� 

≤ o[!Ke√[!Ko[�TK ℎT i
ℎ�.(11) 

 

Similarly, we can obtain 

 

w�GHMB
�� − �GHS
��w ≤ �K√[W[�e ℎ]H i
ℎ�,(12) 

 

x`
�GHMB
��dT  − `�GHS
��dTx ≤ Tp√[!ye�e[�Ke  ℎ i
ℎ�,(13) 

 

x`
�GHMB
��dW  − `�GHS
��dWx ≤ Ip√[!yeW[�e + T√[J ℎGH i
ℎ�,(14) 

 

and finally, 

 

x`
�GHMB
��dK  − `�GHS
��dKx ≤   i
ℎ�.(15) 
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This completes the proof.                                                                                                           ∎ 

 

 

Case 2 

    In this case, we suppose that the conditions of Theorem  are fulfilled with . = 5, and � = 0.5 then we can 

define the spline interpolant as follows:  

MN = MB
�� = SB + �GHSB T
���b�GH√[ + �B
� − �B� + 0B K
���b�]HW√[ + I�GHJK SB 
���b�HT + hB e
���b�zH�{√[ ,    (16) 

where�B ≤ � ≤ �B!� and D = 0,1, . . . , � − 1.  

Let  

hB = √V2 ℎ��T qY��TZK SB!� − Y��TZK SBr. 
It can be easily shown that  

nhB −  I�GHJ{ SB ≤ i
ℎ�n,                                                                                                           (17) 

wherei
ℎ� is the modulus of continuity ofI�GHJ{ S
��. 

Now, if MN
�� ∈ &[0,1] and MNGH 
�� ∈ &[0,1] then the existence and uniqueness of MN
�� is easy to be proved, 

since here ak and bk are uniquely determined by  

�B = √[`W√[ab�Kcb\GHd
\
W[�e� ,                                                                                                         (18) 

0B = W√[`√[cb�Tab\fGH d
\
W[�e� ,                                                                                                       (19) 

 

where 

^B = SB!� − SB − 2√V ℎ�T��TSB − ℎT2 Y��TZK SB − 8ℎ{T15√V hB, 
_B = ��TSB!� − ��TSB − 43√V ℎWT Y��TZK SB − ℎT2 hB . 

 

Then we conclude the following lemma:  

Lemma 2 The following estimates can be obtained for D = 0,1, . . . , � − 1, 
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n�B − I�GHJT SBn ≤ �e√[{
W[�e� ℎ]Hi
ℎ�,                                                                                        (20) 

n0B − I�GHJW SBn ≤ W�y �{[!WTW[�e ℎi
ℎ�,                                                                                        (21) 

forD = 0,1, . . . , � − 1.  

 

Proof.  From (18) we have 

 

 

n�B − I�GHJT SBn = n √[\
W[�e� q3√V `SB!� − SB − T√[ ℎGH�GHSB − ℎ I�GHJT SB − \HT I�GHJK SBd − e\zH�{√[ hB −
4ℎGH `�GHSB!� − �GHSB − T√[ ℎGH�GHSB − KW√[ ℎ]H I�GHJK SB − \HT hBdrn.(22) 

 

Taking: 

SB!� = SB + 2√V ℎ�T��TSB + 43√V ℎWT Y��TZW SB + ℎ Y��TZT SB + ℎT2 Y��TZK SB − 8ℎ{T15√V Y��TZ{ S
�B�, 
and 

��TSB!� = ��TSB + 2√V ℎ�T Y��TZT SB + ℎ Y��TZW SB + 43√V ℎWT Y��TZK SB − ℎT2 Y��TZ{ S
sB�. 
 

where  �B < �B , sB < �B!�. Then (22) becomes 

 

n�B − Y��TZT SBn  
= √Vℎ
3V − 8� |3√V } 8ℎ{T15√V Y��TZ{ S
�B� − 8ℎ{T15√V Y��TZ{ hB~
− 4ℎ�T �ℎT2 Y��TZ{ S
sB� − ℎT2 Y��TZ{ hB�| 

≤ √Vℎ
3V − 8� n85 ℎ{T `Y��TZ{ S
�B� − Y��TZ{ hBd − 2ℎ{T `Y��TZ{ S
sB� − Y��TZ{ hBdn 
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≤ √Vℎ
3V − 8� �85 ℎ{Ti
ℎ� + 2ℎ{Ti
ℎ��,           [�*)��  
17�] 
= 18√V5
3V − 8� ℎWTi
ℎ�. 

 

 

Similarly for 0B, after using (17) and (19), we obtain 

 

 

n0B − Y��TZW SBn ≤ 316 15V + 323V − 8 ℎi
ℎ�. 
 

Thus we have proved the lemma.                                                                                                  ∎ 

 

And then we can conclude the following theorem:  

Theorem 3 LetMB
�� be the fractional spline interpolant of the polynomial form (1) solving the lacunary 

case 
0, �, 4�� for which the conditions of theorem  are satisfied with . = 5. Then for all � ∈ [0,1] the 

inequality  

|
���1MN
�� − 
���1S
��| ≤ h1�ℎT.{�1�i
ℎ�, 
  

holds for all3 = 0,1, … ,5and � = 0.5. Where i
ℎ�is the modulus of continuity of (D1/2)5y(x), and  

h8 = 75V + 72√V + 16020
3V − 8� + 815√V,      h�T = 365
3V − 8� + 316 15V + 323V − 8 + 12,  
h� = 18√V5
3V − 8� + 38√V 15V + 323V − 8 + 43√V,    hWT = 318 15V + 323V − 8 + 1,    hT = 2√V,    h{T = 1. 

 

 

 

Proof.  The proof is similar to that of Theorem 2, for this reason we omit it. 
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6  Numerical Results 

    In this section, the method is applied to two numerical examples. All calculations are implemented with 

MATLAB 12b. The numerical scheme leads to linear fractional differential equations and can apply for 

different step sizes h. To show the efficiency of the method, it is comparisedwith the exact solution we report 

absolute error and observed same convergence point with less iterations.  

 

Example 1 Consider the linear fractional differential equation  

�TS
�� + 2��S
�� + S
�� = 2� + K;
K��� �W�� + �W �W,         0 < � < 1,                                 (23)  

subject to  

 S
0� = S′
0� = 0. 
 

It is easily verified that the exact solution of this problem is 

 S
�� = �W �W. 
 

The maximal absolute errors obtained for � = 0.5 and for 0 ≤ � ≤ 1 in each case and these are shown in 

Table 1 and Table 2, to illustrate the accuracy of the spline method of polynomial form. Note that |(1�
��| = |�1�M�
�� − �1�S
��|, for � = 0.5, 3 = 0,1, . . . ,4for case 1, and 3 = 0,1, . . . ,5for case 2.  

Table 1: Maximal absolute errors in case 1 for Example 1. 

 

Table 2: Maximal absolute errors in case 2 for Example 1. 

 

 ℎ | |e(x)  | |e
a
(x)  | |e

2a
(x)  | |e

3a
(x)  | |e

4a
(x)  

0.1 5.4910 × 10�T 1.1015 × 10�� 2.7105 × 10�� 6.2211 × 10�� 2 × 10�� 

0.01 5.4910 × 10�{ 3.4832 × 10�K 2.7105 × 10�W 1.9673 × 10�T 2 × 10�T 

0.001 5.4910 × 10�e 1.1015 × 10�y 2.7105 × 10�{ 6.2211 × 10�K 2 × 10�W 

h | |e(x)  | |e
a

(x)  | |e
2a

(x)  

0.1 4.2117 × 10�T 1.1394 × 10�� 3.8320 × 10�� 

0.01 4.2117 × 10�{ 3.6031 × 10�K 3.8320 × 10�W 

0.001 1.3318 × 10�p 1.1394 × 10�y 3.8320 × 10�{ 
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h | |e3a(x)  | |e4a(x)  | |e5a(x)  

0.1 1.5609 × 10�� 2.5464 × 10�� 7.1364 × 10�� 

0.01 4.9362 × 10�W 2.5464 × 10�T 2.2567 × 10�� 

0.001 1.5609 × 10�K 2.5464 × 10�W 7.1364 × 10�T 

 

 

Example 2 Consider the fractional differential equation  

��S
�� = �K − �T �W + TK;
K��� �W�� + W;
{��� �K�� − S
��,         0 < � < 1,                                 (24) 

with the initial condition S
0� = 0. The exact solution is  

 S
�� = �K − �T �W. 
 

Similarly the maximal absolute errors obtained, for case 1, case 2 and for � = 0.5, are shown in Table 1and 

Table2, respectively, with|(1�
��| = |�1�M�
�� − �1�S
��|, for � = 0.5, 3 = 0,1, . . . ,4 for case 1, and 3 = 0,1, . . . ,5 for case 2.  

Table 3: Maximal absolute error in case 1 for Example 2. 

ℎ | |e(x)  | |e
a
(x)  | |e

2a
(x)  | |e

3a
(x)  | |e

4a
(x)  

0.1 74.1286 × 10�T 14.8702 × 10�T 36.5918 × 10�T 83.9857 × 10�� 27 × 10�� 

0.01 74.1286 × 10�{ 47.0339 × 10�K 36.5918 × 10�W 26.5586 × 10�T 27 × 10�T 

0.001 74.1286 × 10�e 14.8702 × 10�y 36.5918 × 10�{ 83.9857 × 10�K 27 × 10�W 

 

Table 4: Maximal absolute error in case 2 for Example 2. 

ℎ | |e(x)  | |ea(x)  | |e2a(x)  

0.1 14.1960 × 10�T 12.1447 × 10�� 40.8441 × 10�� 

0.01 44.8919 × 10�{ 38.4049 × 10�K 40.8441 × 10�W 

0.001 14.1960 × 10�p 12.1447 × 10�y 40.8441 × 10�{ 
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ℎ | |e3a(x)  | |e4a(x)  | |e5a(x)  

0.1 16.6379 × 10�� 27.1421 × 10�� 76.0656 × 10�� 

0.01 52.6138 × 10�W 27.1421 × 10�T 24.0540 × 10�� 

0.001 16.6379 × 10�K 27.1421 × 10�W 76.0656 × 10�T 

 

7  Conclusions 

    In this paper, we introduced a new kind of the fractional spline of polynomial form with the idea of 

lacunary interpolation. This method is very powerful and efficient in finding numerical solutions in fractional 

differential case as we have shown in the two examples. Maximal absolute errors are obtained for � = 0.5 

and different values of ℎ, these illustrate the accuracy of the proposed method.  
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